We calculate the branching ratios and CP-violating asymmetries for B 0 → π 0 η (′) and B + → π + η (′) decays in the perturbative QCD (pQCD) factorization approach here. We not only calculate the usual factorizable contributions, but also evaluate the non-factorizable and annihilation type contributions. Besides the current-current operators, the contributions from the QCD and electroweak penguin operators are also taken into account. The pQCD results for the CP-averaged branching ratios are Br(B + → π + η) ≈ 4.1 × 10 −6 , Br(B + → π + η ′ ) ≈ 2.4 × 10 −6 , and Br(B 0 → π 0 η (′) ) ≈ 0.2 × 10 −6 , which agree very well with the measured values or currently available experimental upper limits. We also predict large CP-violating asymmetries in these decays:
I. INTRODUCTION
The experimental measurements and theoretical studies of the two body charmless hadronic B meson decays play an important role in the precision test of the standard mode (SM) and in searching for the new physics beyond the SM [1] . For these charmless B meson decays, the dominant theoretical error comes from the large uncertainty in evaluating the hadronic matrix elements M 1 M 2 |O i |B where M 1 and M 2 are light final state mesons. The QCD factorization (QCDF) approach [2] and the perturbative QCD (pQCD) factorization approach [3, 4, 5] are the popular methods being used to calculate the hadronic matrix element. Many charmless B meson decays, for example, have been calculated in the QCDF approach [2, 6, 7, 8] and/or in the pQCD approach [9, 10, 11, 12, 13, 14] .
In this paper, we would like to calculate the branching ratios and CP asymmetries for the four B → πη (′) decays by employing the low energy effective Hamiltonian [15] and the pQCD approach. Besides the usual factorizable contributions, we here are able to evaluate the non-factorizable and the annihilation contributions to these decays. Theoretically, the four B → πη (′) decays have been studied before in the naive or generalized factorization approach [16] as well as in the QCDF approach [6] . On the experimental side, the CPaveraged branching ratios and CP-violating asymmetries of B → π + η and π + η ′ decays have been measured very recently [17, 18] , and the world averages as given by the Heavy Flavor Averaging Group [19] are 
For B → π 0 η, π 0 η ′ decays, only the experimental upper limits for the branching ratios are available now [19] Br(B 0 → π 0 η) < 2.5 × 10 −6 , Br(B 0 → π 0 η ′ ) < 3.7 × 10 −6 .
For B → πη (′) decays, the B meson is heavy, setting at rest and decaying into two light mesons (i.e. π and η (′) ) with large momenta. Therefore the light final state mesons are moving very fast in the rest frame of B meson. In this case, the short distance hard process dominates the decay amplitude. We shall demonstrate that the soft final state interaction is not important for such decays, since there is not enough time for light mesons to exchange soft gluons. Therefore, it makes the pQCD reliable in calculating the B → πη (′) decays. With the Sudakov resummation, we can include the leading double logarithms for all loop diagrams, in association with the soft contribution. Unlike the usual factorization approach, the hard part of the pQCD approach consists of six quarks rather than four. We thus call it six-quark operators or six-quark effective theory. Applying the six-quark effective theory to B meson decays, we need meson wave functions for the hadronization of quarks into mesons. All the collinear dynamics are included in the meson wave functions. This paper is organized as follows. In Sec. II, we give a brief review for the PQCD factorization approach. In Sec. III, we calculate analytically the related Feynman diagrams and present the various decay amplitudes for the studied decay modes. In Sec. IV, we show the numerical results for the branching ratios and CP asymmetries of B → πη ( ′ ) decays and compare them with the measured values or the theoretical predictions in QCDF approach. The summary and some discussions are included in the final section.
II. THEORETICAL FRAMEWORK
The three scale PQCD factorization approach has been developed and applied in the non-leptonic B meson decays [3, 4, 5, 9, 10, 11, 12] for some time. In this approach, the decay amplitude is separated into soft, hard, and harder dynamics characterized by different energy scales (t, m b , M W ). It is conceptually written as the convolution,
where k i 's are momenta of light quarks included in each mesons, and Tr denotes the trace over Dirac and color indices. C(t) is the Wilson coefficient which results from the radiative corrections at short distance. In the above convolution, C(t) includes the harder dynamics at larger scale than M B scale and describes the evolution of local 4-Fermi operators from
describes the four quark operator and the spectator quark connected by a hard gluon whose q 2 is in the order ofΛM B , and includes the O( Λ M B ) hard dynamics. Therefore, this hard part H can be perturbatively calculated. The function Φ M is the wave function which describes hadronization of the quark and anti-quark to the meson M. While the function H depends on the processes considered, the wave function Φ M is independent of the specific processes. Using the wave functions determined from other well measured processes, one can make quantitative predictions here.
Since the b quark is rather heavy we consider the B meson at rest for simplicity. It is convenient to use light-cone coordinate (p + , p − , p T ) to describe the meson's momenta,
Using these coordinates the B meson and the two final state meson momenta can be written as
respectively, here the light meson masses have been neglected. Putting the light (anti-) quark momenta in B, π and η mesons as k 1 , k 2 , and k 3 , respectively, we can choose
Then, the integration over k
, and k + 3 in eq.(6) will lead to
where b i is the conjugate space coordinate of k iT , and t is the largest energy scale in function H(x i , b i , t). The large logarithms (ln m W /t) coming from QCD radiative corrections to four quark operators are included in the Wilson coefficients C(t). The large double logarithms (ln 2 x i ) on the longitudinal direction are summed by the threshold resummation [20] , and they lead to S t (x i ) which smears the end-point singularities on x i . The last term, e −S(t) , is the Sudakov form factor which suppresses the soft dynamics effectively [21] . Thus it makes the perturbative calculation of the hard part H applicable at intermediate scale, i.e., M B scale. We will calculate analytically the function H(x i , b i , t) for B → πη (′) decays in the first order in α s expansion and give the convoluted amplitudes in next section.
A. Wilson Coefficients
For B → πη (′) decays, the related weak effective Hamiltonian H ef f can be written as [15] 
We specify below the operators in H ef f for b → d transition:
where α and β are the SU(3) color indices; L and R are the left-and right-handed projection operators with L = (1 − γ 5 ), R = (1 + γ 5 ). The sum over q ′ runs over the quark fields that are active at the scale µ = O(m b ), i.e., (q ′ ǫ{u, d, s, c, b}). The PQCD approach works well for the leading twist approximation and leading double logarithm summation. For the Wilson coefficients C i (µ) (i = 1, . . . , 10), we will also use the leading order (LO) expressions, although the next-to-leading order (NLO) calculations already exist in the literature [15] . This is the consistent way to cancel the explicit µ dependence in the theoretical formulae.
For the renormalization group evolution of the Wilson coefficients from higher scale to lower scale, we use the formulae as given in Ref. [9] directly. At the high m W scale, the leading order Wilson coefficients C i (M W ) are simple and can be found easily in Ref. [15] . In PQCD approach, the scale t may be larger or smaller than the m b scale. For the case of m b < t < m W , we evaluate the Wilson coefficients at t scale using leading logarithm running equations, as given in Eq.(C1) of Ref. [9] . In numerical calculations, we use
2 )] which is the leading order expression with Λ 
If the scale t < m b , then we evaluate the Wilson coefficients at t scale using the input of Eq. (13) and the formulae in Appendix D of Ref. [9] for the case of n f = 4.
B. Wave Functions
In the resummation procedures, the B meson is treated as a heavy-light system. In general, the B meson light-cone matrix element can be decomposed as [22, 23] 
where n = (1, 0, 0 T ), and v = (0, 1, 0 T ) are the unit vectors pointing to the plus and minus directions, respectively. From the above equation, one can see that there are two Lorentz structures in the B meson distribution amplitudes. They obey to the following normalization conditions
In general, one should consider these two Lorentz structures in calculations of B meson decays. However, it can be argued that the contribution ofφ B is numerically small [24, 25] , thus its contribution can be numerically neglected. In this approximation, we keep minimum number of input parameters for wave functions. Therefore, we only consider the contribution of Lorentz structure
in our calculation. We use the same wave functions as in Refs. [9, 10, 25, 26] . In the next section, we will see that the hard part is always independent of one of the k 
The wave function for dd components in π meson are given as
The wave function for dd components of η (′) meson are given as
where P and x are the momentum and the momentum fraction of η dd , respectively. We assumed here that the wave function of η dd is same as the π wave function. The parameter ζ is either +1 or −1 depending on the assignment of the momentum fraction x. The ss component of the wave function can be similarly defined. The transverse momentum k ⊥ is usually conveniently converted to the b parameter by Fourier transformation. The initial conditions of leading twist φ i (x), i = B, π, η, η ′ , are of non-perturbative origin, satisfying the normalization
with f i the meson decay constants.
III. PERTURBATIVE CALCULATIONS
In the previous section we have discussed the wave functions and Wilson coefficients of the amplitude in eq. (6) . In this section, we will calculate the hard part H(t). This part involves the four quark operators and the necessary hard gluon connecting the four quark operator and the spectator quark. We will show the whole amplitude for each diagram including wave functions. Similar to the B → πρ [27] and B → ρη (′) decays [14] , there are 8 type diagrams contributing to the B → πη (′) decays, as illustrated in Figure 1 . We first calculate the usual factorizable diagrams (a) and (b).
and O 10 are (V − A)(V − A) currents, the sum of their amplitudes is given as
where r π = m π 0 /m B ; C F = 4/3 is a color factor.The function h e , the scales t i e and the Sudakov factors S ab are displayed in Appendix A. In the above equation, we do not include the Wilson coefficients of the corresponding operators, which are process dependent. They will be shown later in this section for different decay channels.
The form factors of B to π decay, F B→π 0,1 (0), can thus be extracted from the expression in Eq. (21) , that is
which is identical with that defined in Ref. [24] . The operators O 5 , O 6 , O 7 , and O 8 have a structure of (V − A)(V + A). In some decay channels, some of these operators contribute to the decay amplitude in a factorizable way. Since only the axial-vector part of (V + A) current contribute to the pseudo-scaler meson production, π|V − A|B η|V + A|0 = − π|V − A|B η|V − A|0 , that is
In some other cases, we need to do Fierz transformation for these operators to get right color structure for factorization to work. In this case, we get (S − P )(S + P ) operators from (V − A)(V + A) ones. For these (S − P )(S + P ) operators, Fig. 1 (a) and 1(b) give
For the non-factorizable diagrams 1(c) and 1(d), all three meson wave functions are involved. The integration of b 3 can be performed using δ function δ(b 3 − b 2 ), leaving only integration of b 1 and b 2 . For the (V − A)(V − A) operators, the result is
For the (V − A)(V + A) operators the formulae are different. Here we have two kinds of contributions from (V − A)(V + A) operators. M P 1 eπ and M P 2 eπ is for the (V − A)(V + A) and (S − P )(S + P ) type operators respectively:
The factorizable annihilation diagrams (g) and (h) involve only π and η (′) wave functions. There are also three kinds of decay amplitudes for these two diagrams.
aπ is for (S − P )(S + P ) type operators:
For the non-factorizable annihilation diagrams (e) and (f), again all three wave functions are involved. Here we have two kinds of contributions. M aπ , M P 1 aπ and M P 2 aπ describe the contributions from the (V − A)(V − A), (V − A)(V + A) and (S − P )(S + P ) type operators, respectively,
In the above equations, we have assumed that x 1 << x 2 , x 3 . Since the light quark momentum fraction x 1 in B meson is peaked at the small region, while quark momentum fraction x 2 of η (′) is peaked around 0.5, this is not a bad approximation. The numerical results also show that this approximation makes very little difference in the final result. After using this approximation, all the diagrams are functions of k (17) is performed safely.
If we exchange the π and η (′) in Fig. 1 , the corresponding expressions of amplitudes for new diagrams will be similar with those as given in Eqs. (21-32) , since the π and η (′) are all pseudoscalar mesons and have the similar wave functions. The expressions of amplitudes for new diagrams can be obtained by the replacements
For example, we find that
where the form factors
aη (′) describe the contributions induced by the (V − A)(V − A), (V − A)(V + A) and (S − P )(S + P ) operators, respectively.
Before we put the things together to write down the decay amplitudes for the studied decay modes, we give a brief discussion about the η−η ′ mixing and the gluonic component of the η ′ meson. The η and η ′ are neutral pseudoscalar (J P = 0 − ) mesons, and usually considered as mixtures of the SU(3) F singlet η 1 and the octet η 8 :
with
where θ p is the mixing angle to be determined by various related experiments [28] . From previous studies, one obtains the mixing angle θ p between −20
• to −10 • . One best fit result as given in Ref. [29] is −17
• ≤ θ p ≤ −10
• . As shown in Eqs. (35, 36) , η and η ′ are generally considered as a linear combination of light quark pairs. But it should be noted that the η ′ meson may has a gluonic component in order to interpret the anomalously large branching ratios of B → Kη ′ and J/Ψ → η ′ γ [29, 30] . In Refs. [29, 30, 31] , the physical states η and η ′ were defined as
where X η (′) , Y η (′) and Z η ′ parameters describe the ratios of uū + dd, ss and gluonium (SU(3) F singlet) componetnt of η (′) , respectively. In Ref. [29] , the author shows that the gluonic admixture in η ′ can be as large as 26%, i.e.
According to paper [30] , a large SU(3) singlet contribution can help us to explain the large branching ratio for B → Kη ′ decay, but also result in a large branching ratio for 
Although a lot of studies have been done along this direction, but we currently still do not understand the anomalous gg − η ′ coupling clearly, and do not know how to calculate reliably the contributions induced by the gluonic component of η ′ meson. In this paper, we firstly assume that η ′ does not have the gluonic component, and set the quark content of η and η ′ as described by Eqs. (35, 36) . We will also discuss the effects of a non-zero gluonic admixture of η ′ in next section. Combining the contributions from different diagrams, the total decay amplitude for B + → π + η decay can be written as
where ξ u = V * ub V ud , ξ t = V * tb V td , and
are the mixing factors. The Wilson coefficients C i should be calculated at the appropriate scale t using equations as given in the Appendices of Ref. [9] .
Similarly, the decay amplitude for B 0 → π 0 η can be written as
The decay amplitudes for B → π + η ′ and B → π 0 η ′ can be obtained easily from Eqs.(40) and (42) by the following replacements
Note that the possible gluonic component of η ′ meson has been neglected here.
IV. NUMERICAL RESULTS AND DISCUSSIONS

A. Input parameters and wave functions
We use the following input parameters in the numerical calculations
For the CKM matrix elements, here we adopt the wolfenstein parametrization for the CKM matrix up to O(λ 3 ),
with the parameters λ = 0.22, A = 0.853, ρ = 0.20 and η = 0.33. For the B meson wave function, we adopt the model
where ω b is a free parameter and we take ω b = 0.4 ± 0.05 GeV in numerical calculations, and N B = 91.745 is the normalization factor for ω b = 0.4. This is the same wave functions as in Refs. [9, 10, 25, 26] , which is a best fit for most of the measured hadronic B decays. For the light meson wave function, we neglect the b dependant part, which is not important in numerical analysis. We choose the wave function of π meson [32] :
The Gegenbauer polynomials are defined by
For η meson's wave function, φ
represent the axial vector, pseudoscalar and tensor components of the wave function respectively, for which we utilize the result from the light-cone sum rule [33] including twist-3 contribution:
We assume that the wave function of uū is same as the wave function of dd. For the wave function of the ss components, we also use the same form as dd but with m ss 0 and f y instead of m dd 0 and f x , respectively. For f x and f y , we use the values as given in Ref. [34] where isospin symmetry is assumed for f x and SU(3) breaking effect is included for f y :
These values are translated to the values in the two mixing angle method, which is often used in vacuum saturation approach as:
where the pseudoscalar mixing angle θ p is taken as −17
• (−10 • ) [29] . The parameters m i 0 (i = η dd(uū) , η ss ) are defined as:
We include full expression of twist−3 wave functions for light mesons. The twist−3 wave functions are also adopted from QCD sum rule calculations [35] . We will see later that this set of parameters will give good results for B → πη (′) decays. Using the above chosen wave functions and the central values of relevant input parameters, we find the numerical values of the corresponding form factors at zero momentum transfer:
These values agree well with those as given in Refs. [33, 34, 36] .
B. Branching ratios
For B → πη (′) decays, the decay amplitudes in Eqs. (40) and (42) can be rewritten as
where
is the ratio of penguin to tree contributions, α = arg −
is the weak phase (one of the three CKM angles), and δ is the relative strong phase between tree (T) and penguin (P) diagrams. The ratio z and the strong phase δ can be calculated in the pQCD approach. One can leave the CKM angle α as a free parameter and explore the CP asymmetry parameter dependence on it.
For B → π + η decay, for example, one can find "T" and "P" terms by comparing the decay amplitude as defined in Eq. (40) with that in Eq. (57),
Similarly, one can obtain the expressions of the corresponding tree and penguin terms for the remaining three decays.
Using the "T" and "P" terms as given in Eqs. (59) and (60), it is easy to calculate the ratio z and the strong phase δ for the decay in study. For B + → ρ + η and ρ + η ′ decays, we find numerically that
The main errors of the ratio z and the strong phase δ are induced by the uncertainty of ω b = 0.4 ± 0.05 GeV and m π 0 = 1.4 ± 0.1 GeV and small in magnitude. The reason is that the errors induced by the uncertainties of input parameters are largely cancelled in the ratio. We therefore use the central values of z and δ in the following numerical calculations, unless explicitly stated otherwise.
From Eq. (57), it is easy to write the decay amplitude for the corresponding charge conjugated decay mode
Therefore the CP-averaged branching ratio for
where the ratio z and the strong phase δ have been defined in Eqs. (57) and (58). It is easy to see that the CP-averaged branching ratio is a function of cos α. This gives a potential method to determine the CKM angle α by measuring only the CP-averaged branching ratios with PQCD calculations. Using the wave functions and the input parameters as specified in previous sections, it is straightforward to calculate the branching ratios for the four considered decays. The theoretical predictions in the PQCD approach for the branching ratios of the decays under consideration are the following
Br( B 0 → π 0 η) = 0.23
for θ p = −17
• , and predictions also agree well with the theoretical predictions in the QCDF approach, for example, as given in Ref. [8] :
where the individual errors as given in Ref. [8] have been added in quadrature. It is worth stressing that the theoretical predictions in the PQCD approach have relatively large theoretical errors induced by the still large uncertainties of many input parameters, such as ω b , m π 0 and θ p . In our analysis, we consider the constraints on these parameters from analysis of other well measured decay channels. For example, the constraint 1.1GeV ≤ m π 0 ≤ 1.9GeV was obtained from the phenomenological studies for B → ππ decays [9] , while the constraint of α ≈ 100
• ± 20
• were obtained by direct measurements or from the global fit [19, 37] . From numerical calculations, we get to know that the main errors come from the uncertainty of ω b , m π 0 , α and θ p . In Figs. 2 and 3 , we present, respectively, the pQCD predictions of the branching ratios of B → π + η and π + η ′ decays for θ p = 10 
C. CP-violating asymmetries
Now we turn to the evaluations of the CP-violating asymmetries of B → πη (′) decays in pQCD approach. For B + → π + η and B + → π + η ′ decays, the direct CP-violating asymmetries A CP can be defined as:
where the ratio z and the strong phase δ have been defined in previous subsection and are calculable in pQCD approach. It is easy to calculate the CP-violating asymmetries with z and δ. In Fig. 5 , we show the α−dependence of the direct CP-violating asymmetries A dir CP for B ± → π ± η (the solid curve) and B ± → π ± η ′ (the dotted curve) decay, respectively. From Fig. 5 , one can see that the CP-violating asymmetries A dir CP (B ± → π ± η (′) ) are large in magnitude, about 35% for α ∼ 100
• . So large CP-violating asymmetry plus large (∼ 10 −6 ) branching ratios are measurable in current B factory experiments.
The pQCD predictions for A dir CP and the major theoretical errors for
where the dominant errors come from the variations of ω b = 0.4±0.04 GeV, m π 0 = 1.4±0.1 GeV and α = 100
• . By comparing the above numerical results with those measured values as given in Eqs. (3) and (4) 1 , we find that 1. The pQCD predictions for the direct CP-violating asymmetry for both B → πη and πη ′ decays are large in magnitude and have a moderate theoretical error because of the cancelation in the ratios.
For B
± → π ± η decay, the pQCD prediction for A dir CP has the same sign with the measured value and also consistent with it within 2σ errors. For B ± → π ± η ′ decay, however, the pQCD prediction for A dir CP has the opposite sign with the measured value.
± → π ± η ′ decay, although there exist a clear difference between the pQCD prediction of A dir CP and the data, but it is too early to draw any reliable information from such difference because of the still large theoretical and experimental errors. More theoretical studies (for example, calculation of next-to-leading order contributions [39] ) and more accurate measurements are needed to clarify this discrepancy.
In Ref. [8] , by using the "default values" of input parameters, the authors presented their predictions for
+4.9 +8.3 +1.3 +17.4
+2.8 +10.5 +0.7 +20.4 
where the first error comes from the variation of the CKM parameters, the second error refers to the variation of µ ∼ m b , quark masses, decay constants, form factors, and the mixing angle θ p . The third error corresponds to the uncertainty due to the Gegenbauer moments in the expansion of the LCDAs. The last but largest error is induced by the uncertainty of the unknown annihilation contributions. In fact, these numbers are similar to those generalized factorization approach [38] , since the mechanism of strong phase is the same for these two approaches. By using the "set S 4 " input parameters [8] , the central values of the QCDF prediction can become positive simultaneously
From the numerical results as given in Eqs.(77-80), one can see that the dominant theoretical error from the annihilation contributions in QCD factorization approach are too large to make any meaningful comparisons between the theoretical predictions and the data for A dir CP (B → πη (′) ). The reason is that the annihilation contributions play a key role for producing the strong phase of the two-body charmless B meson decays, but unfortunately they are incalculable in QCD factorization approach.
We now study the CP-violating asymmetries for B 0 → π 0 η (′) decays. For these neutral decay modes, the effects of B 0 −B 0 mixing should be considered. For B 0 meson decays, we know that ∆Γ/∆m d ≪ 1 and ∆Γ/Γ ≪ 1. The CP-violating asymmetry of B 0 (B 0 ) → π 0 η (′) decay is time dependent and can be defined as
where ∆m is the mass difference between the two B 
where the CP-violating parameter λ CP is
Here the ratio z and the strong phase δ have been defined previously. In PQCD approach, since both z and δ are calculable, it is easy to find the numerical values of A The pQCD predictions for the direct and mixing induced CP-violating asymmetries of 
where the "default values" of the input parameters have been used [8] , and the error sources are the same as those for the numerical results in Eqs. (77) and (78). Currently, no relevant experimental measurements for the CP-violating asymmetries of
decays are available. For the direct CP-violating asymmetries of B 0 → π 0 η (′) decays, the theoretical predictions in pQCD and QCDF approach have the same sign, but the theoretical errors are clearly too large to make a meaningful comparison. One has to wait for the improvements in both the experimental measurements and the calculation of high order contributions.
If we integrate the time variable t, we will get the total CP asymmetry for
decays,
where x = ∆m/Γ = 0.771 for the B 0 −B 0 mixing [28] . In Fig.8 , we show the α-dependence of the total CP asymmetry A CP for B 0 → π 0 η (solid curve) and decay, respectively. Numerically, we found from the(q = u, d, s) components of η ′ , the branching ratios of the decays in question may be increased or decreased accordingly.
Unfortunately, we currently do not know how to calculate this kind of contributions reliably. But we can treat it as an theoretical uncertainty. For |M ′ /M(qq)| ∼ 0.1 − 0.2, for example, the resulted uncertainty for the branching ratios as given in Eqs.(66) and (68) will be around twenty to thirty percent.
From Eq. (2,66), one can see that the theoretical result of Br(B + → π + η ′ ) in the PQCD approach agree very well with the measured values within one standard deviation. Furthermore, the pQCD predictions for the branching ratios of B → ρη (′) decays also show very good agreement with the data [14] . We therefore believe that the gluonic admixture of η ′ should be small, and most possibly not as important as expected before.
As for the CP-violating asymmetries of B → πη ′ decays, the possible contributions of the gluonic components of the η ′ meson are largely cancelled in the ratio.
V. SUMMARY
In this paper, we calculate the branching ratios and CP-violating asymmetries of B 0 → π 0 η, B 0 → π 0 η ′ , B + → π + η, and B + → π + η ′ decays in the PQCD factorization approach. Besides the usual factorizable diagrams, the non-factorizable and annihilation diagrams are also calculated analytically. Although the non-factorizable and annihilation contributions are sub-leading for the branching ratios of the considered decays, but they are not negligible. Furthermore these diagrams provide the necessary strong phase required by a non-zero CP-violating asymmetry for the considered decays.
From our calculations and phenomenological analysis, we found the following results:
• From analytical calculations, the form factors for B → η, B → η ′ and B → π transitions can be extracted. The PQCD results for these form factors are F • For the CP-averaged branching ratios of the four considered decay modes, the theoretical predictions in PQCD approach are 
where the various errors as specified in Eqs. (65-68) have been added in quadrature.
Although the theoretical uncertainties are still large (can reach 40%), the leading PQCD predictions agree very well with the measured values or currently available experimental upper limits, and are also well consistent with the results obtained by employing the QCD factorization approach.
• For the CP-violating asymmetries, the theoretical predictions in PQCD approach are 
• For B ± → π ± η decay, the pQCD prediction for A dir CP has the same sign with the measured value and consistent with the data within two standard deviations. For B ± → π ± η ′ decay, however, the pQCD prediction for A dir CP has an opposite sign with the measured value. Great improvements in both the theoretical calculations and experimental measurements are needed to clarify this discrepancy.
• From the very good agreement of the pQCD predictions for the CP-averaged branching ratios Br(B + → π + η (′) ) and Br(B + → ρ + η (′) ) [14] with the measured values, we believe that the gluonic admixture of η ′ should be small, and most possibly not as important as expected before. 
The threshold resummation form factor S t (x i ) is adopted from Ref. [25] S t (x) = 2 1+2c Γ(3/2 + c)
where the parameter c = 0.3. This function is normalized to unity.
